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Abstract: This study presents a robust deep learning framework based on Physics-Informed Neural
Networks (PINNs) for modeling natural convection boundary-layer flow over a vertical plate embedded
in a non-Darcy porous medium saturated with nanofluid. The mathematical formulation is based on the
extended Cheng—Minkowycz problem, incorporating the Buongiorno nanofluid model to account for
Brownian motion and thermophoresis effects, along with the Forchheimer—Darcy model to describe
nonlinear porous medium resistance. Through appropriate similarity transformations, the governing
nonlinear partial differential equations are reduced to a system of coupled nonlinear ordinary differential
equations. These equations are then solved using PINNs, enabling accurate and mesh-free
approximation of the solution while preserving the underlying physical laws. A comprehensive analysis
is conducted to investigate the influence of key deep learning hyperparameters, including the learning
rate and neural network architecture, on convergence and solution accuracy. The reliability of the
proposed PINN model is validated through comparison with numerical solutions obtained using the
implicit finite difference method implemented via the bvp4c solver. Furthermore, a detailed parametric
study is performed to examine the effects of governing physical parameters on velocity, temperature,
and nanoparticle concentration profiles, as well as on engineering quantities of interest such as the local
Nusselt number. The results reveal that both nanoparticle effects and porous medium resistance
significantly influence heat and mass transfer characteristics, highlighting the effectiveness of the
proposed PINN framework for complex transport phenomena.

Keywords: Brownian motion, Buongiorno nanofluid model, Heat transfer, Natural convection, Non-Darcy porous medium,
Physics-Informed neural networks, Thermophoresis.

1. Introduction

Artificial intelligence, particularly machine learning, has emerged as a transformative discipline in
computational science, offering powerful tools for data-driven modeling, prediction, and system
identification across numerous domains [17]. Within this framework, artificial neural networks (ANNs)
represent a biologically inspired computational architecture designed to approximate complex nonlinear
relationships [27]. Over the past few decades, neural networks have attracted considerable attention in
disciplines such as materials science [87, chemical engineering [4-6], biomedical systems [77, robotics
[87, and climate modeling [97. Their popularity largely stems from their universal function
approximation capability, which ensures that sufficiently parameterized networks can approximate any
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continuous function with arbitrary accuracy. As problem complexity increases, particularly in nonlinear
dynamical systems, the need for deeper architectures with multiple hidden layers and enhanced
representational capacity becomes essential, giving rise to deep learning methodologies [47].

In fluid dynamics and heat transfer, governing equations are often highly nonlinear, strongly
coupled, and high-dimensional, posing substantial challenges for traditional modeling approaches.
Consequently, researchers have increasingly explored neural network-based models to capture flow
behavior, reconstruct velocity and pressure fields, and develop reduced-order representations of
turbulent structures [107]. Early implementations of shallow neural networks were used for flow
visualization and particle tracking, while modern deep architectures have demonstrated improved
performance in turbulence closure modeling, flow regime classification, and vortex pattern identification
[117. These advancements highlight the growing integration of neural networks into computational
fluid dynamics as complementary tools for modeling complex transport phenomena.

Artificial neural networks have been investigated as alternative solvers for ordinary and partial
differential equations by reformulating the governing equations into optimization problems. Early
contributions by researchers such as Lagaris, et al. [127] demonstrated that neural networks could
approximate differential equation solutions by embedding them within specially constructed trial
functions. In this formulation, the approximate solution is expressed as a combination of two
components: one analytically designed to satisty boundary or initial conditions, and another represented
by a trainable neural network responsible for minimizing the equation residuals. The network
parameters, including weights and biases, were iteratively adjusted to reduce the discrepancy between
the predicted and exact differential operators. Although this methodology proved that even shallow
networks possess the capacity to approximate solutions accurately, the construction of suitable trial
functions becomes increasingly challenging for multidimensional, nonlinear, and time-dependent
systems, particularly in complex geometrical domains.

To address these limitations, a new framework known as Physics-Informed Neural Networks
(PINNs) was introduced by Raissi, et al. [187. Unlike earlier approaches, PINNs eliminate the need for
explicitly defined trial functions by directly incorporating the governing equations and boundary
conditions into the loss function [147]. The neural network is trained not using labeled output data as in
traditional supervised learning, but by minimizing a composite loss function consisting of two principal
components: the residuals of the governing differential equations evaluated at collocation points within
the domain, and the mismatch between predicted and prescribed values at the boundaries or initial
conditions. Through automatic differentiation, the network efficiently computes the necessary
derivatives, ensuring consistency with the physical laws [157]. Since their introduction, PINNs have
been successtully applied to a wide range of forward and inverse problems in computational fluid
dynamics and heat transfer, demonstrating their potential as a mesh-free and physics-consistent
alternative to classical numerical methods.

In this context, Bararnia and Esmaeilpour [167] used deep learning via PINNs to examine the
dynamic and thermal behaviors of some classical boundary-layer flows, including Blasius—Pohlhausen,
Falkner—Skan, and natural convection cases [167]. In this study, TensorIFlow was used to build and train
the models, and the predicted results were compared with those obtained by the finite-difference
technique combined with Richardson extrapolation. The authors reported that the optimized PINN
results were in close agreement with the numerical solutions. Sarthak and Srinivasacharya [177] used
PINNs to simulate the complex dynamics of magnetohydrodynamic (MHD) natural convection along a
vertical plate in a non-Darcy porous medium, accounting for thermal radiation and cross-diffusion. This
study underscores the efficacy of deep-learning-based PINNs in addressing complex fluid dynamics and
heat transfer challenges. By optimizing key parameters, the authors achieved enhanced solution
accuracy and computational efficiency. Jawad, et al. [187] examined the time-dependent Jeffery hybrid
nanofluid flow with thermal and mass convection in a rotating system in the presence of a porous
medium. To analyze the dynamic, thermal, and mass behaviors, they used a combination of the PINN
approach and the homotopy analysis method (HAM) to solve the resulting nondimensional partial
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differential equations. Their results demonstrated that integrating HAM with PINNs provides
significant advantages for solving complex fluid dynamics equations. Cali, et al. [197] demonstrated the
application of PINNs to complex scenarios such as forced and mixed convection heat transfer with
unknown boundary conditions, as well as to the Stefan problem involving moving interfaces and phase
change, using sparse temperature measurements. Overall, their results show that PINNs can effectively
address ill-posed and industry-relevant problems, thereby bridging the gap between experimental
observations and numerical modeling. Li, et al. (207 proposed a physics-informed Bayesian deep
learning framework that integrates Bayesian neural networks with variational inference to solve
torward and inverse problems governed by the phonon Boltzmann transport equation using sparse and
noisy data. This study addressed the challenges of nondiffusive phonon transport in micro- and
nanoscale thermal systems, particularly issues related to inverse modeling, measurement noise, and
uncertainty quantification. Numerical results demonstrated that the method accurately reconstructs
temperature and heat flux fields, estimates key physical parameters such as the Knudsen number, and
provides robust uncertainty quantification. Rudrabhatla and Srinivasacharya [217] investigated the
effects of control parameters on Casson fluid flow and heat and mass transfer in the presence of a
chemical reaction and viscous dissipation. The governing equations of the problem were solved using an
optimized PINN, and the obtained results were compared with those from the finite-difference
collocation method. The study concluded that the proposed PINN framework provides an accurate,
efficient, and mesh-free alternative to traditional numerical methods. A. Jan, et al. [227] employed the
PINN method to numerically solve a mixed convection flow of a viscous incompressible fluid over a
vertical stretching sheet under viscous dissipation and Ohmic heating induced by Lorentz forces in
conducting fluids. Their results demonstrated the capability and efficiency of PINNs in solving
nonlinear multiphysics problems with greater flexibility and effectiveness than conventional solvers,
opening opportunities for broad engineering applications.

Natural convection in porous media filled with nanofluids has attracted significant research interest
due to its importance in enhancing heat transfer performance for a wide range of applications, including
geothermal energy systems, thermal energy storage, electronic cooling, and solar collectors. Unlike
conventional fluids, nanofluids are suspensions of nanoparticles in a base fluid that exhibit improved
thermal properties such as increased thermal conductivity and modified buoyancy effects, which can
substantially alter flow and heat transfer characteristics within porous structures. The presence of solid
matrix effects, coupled with nanoparticle—fluid interactions, leads to complex thermal behaviors that
challenge classical modelling approaches and necessitate advanced theoretical and numerical
tormulations. Recent studies have demonstrated that nanofluid characteristics (e.g., nanoparticle size,
concentration, and type) and porous medium properties (e.g., porosity and permeability) jointly
influence the onset of convection and the overall heat transfer enhancement in both Darcy and non-
Darcy flow regimes [23, 247]. Over the past decades, numerous efforts have been made to develop
convective transport models for nanofluids [257. To address the limitations of earlier formulations,
Buongiorno [267] proposed an alternative model in 2006 that has since gained widespread acceptance.
Using scaling analysis, he demonstrated that Brownian diffusion and thermophoresis are the dominant
slip mechanisms in laminar forced convection of nanofluids, with thermophoresis potentially being up to
two orders of magnitude more significant than Brownian motion. The resulting framework is a non-
homogeneous, two-component, four-equation model comprising partial differential equations governing
particle volume fraction, thermal energy, and flow momentum. In this formulation, the liquid volume
fraction is determined by that of the nanoparticles, and thermal equilibrium between the base fluid and
the particles is assumed, leading to a common temperature field.

Many researchers have adopted Buongiorno's model in subsequent studies. For instance, Ramadevu,
et al. [27] used a homotopy analysis method to examine the dynamic, thermal, and mass transport
behaviors of viscoelastic flow in a Darcy porous medium filled with Buongiorno nanofluid over a
nonlinear stretching sheet. Their analysis revealed that the Rayleigh number, nanoparticle volume
fraction, permeability, and thermal conductivity ratio play crucial roles in modifying the flow velocity,
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dimensionless temperature, and concentration distribution. A. Khan, et al. [287 investigated cross-
diffusion through Soret and Dufour mechanisms and the effects of solar radiation on quadratic mixed
convection of Maxwell-Buongiorno nanofluid over a cubic stratified surface. Alrawashdeh, et al. [297]
used the Buongiorno nanofluid model to analyze unsteady natural convection flow of a non-Newtonian
magnetohydrodynamic fluid via an oscillating vertical porous plate immersed in a saturated porous
medium, taking into account a combination of chemical reaction, Joule heating, heat
absorption/generation, and Soret and Dufour effects. Ratha, et al. [307] investigated two-dimensional
unsteady flow of an incompressible Casson-Buongiorno nanofluid over a shrinking horizontal sheet
under the influence of an inclined magnetic field and Joule heating. In this study, an analytical method
via the Adomian decomposition method was used to solve the governing equations. In this study, the
major contribution is that the Casson parameter, along with suction/injection, favors a smooth
enhancement in the velocity profiles, and the fluid temperature is also enhanced by the augmentation of
the Brownian and thermophoresis parameters. Vinodkumar Reddy, et al. [817] conducted a numerical
analysis of the Cattaneo—Christov heat flux model for magnetohydrodynamic (MHD) flow of Ree—
Eyring nanofluid through a Darcy—Forchheimer porous medium, accounting for entropy generation,
thermal radiation, heat sources, activation energy, and gyrotactic microorganisms. Ahmed and Rashed
[827] performed a numerical investigation of magnetohydrodynamic free convection and heat transfer of
nanotluids in wavy enclosures filled with a heat-generating porous medium. The Buongiorno model was
employed to describe nanoparticle transport, incorporating Brownian motion and thermophoresis, while
the porous matrix was modeled using Darcy’s law under the assumption of slow flow. Chu, et al. [33]
presented the bioconvection flow of nanofluid induced by two stretchable disks separated at confined
distance. The Buongiorno nanofluid model was employed to examine the Brownian motion and
thermophoresis aspects.

The purpose of the current paper is to bridge the gap between conventional numerical approaches
and emerging deep learning methodologies by employing physics-informed neural networks (PINNs) to
solve the highly nonlinear ordinary differential equations (ODEs) governing Buongiorno nanofluid
natural convection flow. By embedding the underlying physical laws directly into the neural network
architecture, the proposed framework improves both computational efficiency and predictive accuracy in
modeling transport phenomena within non-Darcy porous media. The effects of key control parameters
on the flow behavior and physical quantities, including the local Nusselt number, are presented
graphically and discussed in detail. The findings of this work provide deeper insight into heat and mass
transfer mechanisms in nanofluid systems and establish a robust foundation for the development of
advanced, energy-efficient engineering applications.

2. Physical Problem Formulation

Let us consider the steady natural convection boundary-layer flow past a vertical semi-infinite flat
plate embedded in a non-Darcy porous medium filled with an incompressible viscous nanofluid. The
porous medium is described by the Darcy—IForchheimer model, which represents the inertia effect at the
pore scale. The physical parameters of the porous medium, namely, the permeability and porosity,
possess constant values. The Buongiorno model is adopted for the nanoliquid. The physical model,
direction of gravitational acceleration, and coordinate system are shown in IFigure 1. The temperature T°
and nanoparticle volume fraction ¢ at the plate surface are Twand ¢, respectively. The corresponding
ambient values, attained as y tends to infinity, are denoted by Tw and . The Oberbeck—Boussinesq
approximation and boundary-layer assumptions for the nanofluid are assumed valid [84, 357. Local
thermal equilibrium in the homogeneous porous medium is also assumed; i.e., no slip occurs between the
base fluid and the nanoparticles. It is assumed here that there are no radiation or viscous dissipation
effects [367]. As mentioned before, only Brownian motion and thermophoresis eftects are retained in the
present configuration as the main mechanisms that explain the enhanced heat transfer by a nanofluid.
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Figure 1.
Flow model and physical coordinate system.

Under the above assumptions, the boundary layer equations governing the flow, temperature, and
nanoparticle concentration field can be written in dimensional form as

e Continuity equation
ou  ov
—+—=0 (1)
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e Nanoparticle volume fraction equation

2 2
1(u%+v%J =D, %+(&j2 (5)
el ox oy oy T, )oy

Given the situation, p is the pressure, T'is the temperature, @ is the nanoparticle volume fraction. K
is the permeability of the porous medium; p, i, and S are the density, the dynamic viscosity, athe nd
volumetric thermal expansion coefficient of the base fluid, respectively. pr is the density of the
nanoparticles, and om represents the thermal diffusivity of the porous medium. The gravitational
acceleration is denoted by g. The coefficients that appear in Eqs. (4) and (5) are the Brownian diftusion
coefficient Dp and the thermophoretic diffusion coefficient Dr, respectively. », and v are the components
of the velocity field, while x and y correspond to the vertical and horizontal coordinates, respectively.
The corresponding wall and free-stream boundary conditions are defined as follows

y=0: v=0,T-T, Ds%ﬁﬂw ©

T. oy

y >0 u—-0,T->T,, ¢—>a,

The local Rayleigh number Rax is defined by Ra, = (l—¢w )pfwﬂT ng(TW -T, )/,uam

We investigate the situation where heat transfer dominates over mass transfer and the case where
the Lewis number is larger than unity. Following the scale analysis presented by Nield and Bejan 877,
pertinent variables are found to be appropriate. Making use of the following transformation.

T-T, 44,

Y patiz. 2.
==Ra,'"; w=q,Ra, ";0= ;C= 7
7= Rt v et 0=g—EiC (7)
Where vy is the classical stream function from which the velocity components are
0 0
u= _l’//’ V= __W (8)

oy OX

Equations (1) ~ (5), with the appropriate transformations and algebraic combination described
above (by eliminating the pressure p from Eqgs. (2) and (3) through cross-differentiation), can be further
reduced to a set of ordinary differential equations.

f"+2G ' f"=60'-NrC’ 9)
9”+%f€'+ NbC'6'+Nt(9') =0 (10)
C”+ELepf C’+M0”:O (11)
2 Nb
The corresponding boundary conditions become
n=0:f=0;0=1;NbC'+Ntd =0 (12)
n—ow:f'-50;0>0,C—->0 (18)

From the above equationsG=(pfm()lmcf/,LIX)RB.X represent the no-Darcy parameter: Nr is the

nanoparticle buoyancy ratio, Nb is the Brownian motion parameter NbZTDB(¢W—¢w)/(Xm, Nt is the
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thermophoresis parameter Nt = 7D; (TW -T, )/Twam , and Le¢ is the nanoparticles Lewis number
Le, = a, /Dy
The physical quantities of interest are the local Nusselt number Nu., and the nanofluid Sherwood

number S%. which represents the dimensionless mass flux and is identically zero due to the proposed
boundary conditions at the wall [34].

XQy

The local Nusselt number Nu. is defined by the following equation NU, = ———"— where
I(m (Tw _Too)
ar
"oy ),
Using the dimensionless variables, we obtain NU>< = —9'(0)
3. Physics-Informed Neural Networks (PINN)
A 0B
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Figure 2.

Schematic Diagram of a physics-informed neural network (PINN): (A) discretization of the one-dimensional domain, (B) neural
network structure, and the corresponding computational algorithm.

To solve Equations (9—11) using a Physics-Informed Neural Network (PINN) framework, the one-
dimensional computational domain is discretized along the similarity variable 7 into a finite set of nodes.
This discretization enables the systematic evaluation of the governing equations and facilitates the
training of the network through the incorporation of penalty terms that enforce adherence to both the
differential equations and the associated boundary conditions. The selected nodes correspond to the
independent variable 7, which spans the interval [0,)»]. As illustrated in Figure 2A, two distinct
categories of nodes are employed: collocation points (denoted in red), where the residuals of the
governing equations are minimized, and boundary points (denoted in blue), where the boundary
conditions are explicitly imposed.

The computational domain along the (7)-axis is uniformly discretized into (m) equal subintervals,
denoted by (7;) for (i = 0, 1, 2, ..., m), such that ( 7 = iA), where ( A = n»/m). In contrast to the
conventional PINN framework, in which collocation points are commonly sampled randomly within the
domain, the present study adopts a structured and uniform discretization strategy. A total of (m+1)
nodes are therefore defined along the (n)-axis. The first and last nodes, (7o) and (7m), correspond to
boundary nodes at which the prescribed boundary conditions at (1o= 0) and (1 = 1)«) are enforced. The
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remaining intermediate nodes, (1;) for 1 = 1, 2, ..., m — 1), serve as collocation points where the
residuals of the governing ordinary differential equations (ODEs) are minimized. The neural network
architecture consists of an input layer with a single neuron, as illustrated in Figure 2B, which receives
the independent variable (7;) as input data. A nonlinear mapping function is then constructed to relate
the input (& = 1;) to the predicted solution vector (Gi= [f{n:), &mn:), C(1m:)]), representing the approximate
solutions of the ODE system. This mapping can be expressed as ((; = F (&, w, b)) where (w) and (b)
denote the trainable weights and biases of the network, respectively. These parameters are iteratively
optimized during the training process to achieve an accurate functional approximation, ensuring that
the predicted outputs (i) closely satisfy the governing equations and boundary conditions. The
discrepancy between the predicted and target values is quantified through a loss function formulated in
terms of the mean squared error (MSE), defined as follows

Loss:[in:(ui —l]i)z}/m (14)

i=0

The function Frepresents the sequence of algebraic and nonlinear transformations performed by all
neurons constituting the neural network. To clarify its operation, Figure 2B illustrates the network
architecture adopted, in which the input variable (7:) is introduced. The first layer, referred to as the
input layer, consists of a single neuron responsible for receiving and transmitting the input data. This
layer is followed by three hidden layers, each containing an arbitrary number of neurons, providing
sufficient representational capacity to approximate the solution. The output layer comprises three
neurons, corresponding to the three unknown functions to be determined, namely, the dimensionless
velocity, temperature, and nanoparticle volume fraction.

The network is structured into layers indexed by k=0, 1, 2, ..., /, where each layer contains multiple
neurons indexed by j = 1, 2, ..., #. The neurons are fully connected between successive layers through
weighted links, which transmit information forward from one layer to the next. To describe the
computations within a representative neuron, consider a neuron in layer 4 The incoming signals from
the previous layer (k=1) are multiplied by corresponding weights ( ij), which regulate the strength of
each connection by amplifying or attenuating the transmitted information. These weights quantify the
relative contribution of each neuron in the preceding layer to the current neuron’s output. The neuron
then computes the weighted sum of all incoming signals and adds a bias term, yielding an intermediate
value (s), as expressed in Eq. (15).

j=n
s =+ Yaw (15)
=L
The bias term (&) can be interpreted as an additional parameter introduced to shift the activation
function and improve the flexibility of the model. Practically, it may be viewed as a neuron with a
constant value of one that is connected to neurons in the input and hidden layers, but not in the output
layer. Its role is to adjust the predicted values and reduce systematic deviations between the estimated
and desired outputs. By analogy with linear regression, where a function is expressed as f{x) = a x + S,
the weights and biases in a neural network play roles similar to the coefficients a and B, respectively.
The computed intermediate value (s) is subsequently passed through an activation function, which
introduces nonlinearity and constrains the neuron’s output within a specific range, thereby enhancing
the network’s capacity to approximate complex nonlinear relationships. The function used in this study
is the hyperbolic tangent activation function:

output (i)=tanh(s;) (16)
The information within the network propagates strictly in a forward direction, implying that the

connections between neurons are acyclic and do not form feedback loops. At each neuron, a set of
computations is performed to generate an intermediate output value (s;). This process, commonly
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referred to as forward propagation (or the forward pass), proceeds sequentially from one layer to the
next until the output layer is reached. In the output layer, no activation function is applied; thus, the
computed values (s;) are directly interpreted as the predicted solutions (). Since the network
parameters, namely, the weights and biases, are initially assigned arbitrary values, a discrepancy
generally exists between the predicted outputs (si) and the exact solutions (u;). Reducing this
discrepancy requires minimizing a suitably defined loss function through systematic adjustment of the
trainable parameters. Identifying the optimal set of weights and biases that drives the loss function
toward zero constitutes the core of the optimization process. This is accomplished by computing the
gradients of the loss function with respect to all trainable parameters using the chain rule in conjunction
with the backpropagation algorithm.

The training procedure is conducted in two successive stages. Iirst, the Adam optimizer is
employed to ensure stable and efficient global convergence during the initial training phase.
Subsequently, the quasi-Newton L-BIFFGS optimizer is applied to refine the solution and improve its
accuracy. These forward and backward passes (iterations) are repeated until the loss function satisfies a
predefined convergence criterion. Once the training process is completed, the calibrated model is
capable of predicting solutions for new, previously unseen inputs through a single forward pass. In the
present framework, the exact analytical solutions (u;) are not available, which raises the fundamental
question of how to define an appropriate loss function. Raissi, et al. [187] and Raissi, et al. [14]
addressed this challenge by introducing a physics-based loss function derived directly from the
governing ordinary differential equations (ODEs). The central idea is that the predicted outputs (; =
Cfm), &n), ) must satisfy the underlying differential equations. Accordingly, the loss function is
tormulated to quantlfy the extent to which the predicted solutions fulfill the ODE system. Within this
methodology, the neural network approximation is simultaneously responsible for enforcing the
governing equations and satisfying the associated boundary conditions, thereby ensuring physical
consistency of the obtained solution.

The total loss function for solving an ODE problem is decomposed into two components: (1) a loss
term associated with the boundary conditions, and (2) a loss term related to the residuals of the
governing ODEs. As illustrated in Figure 2B, multiple loss contributions are considered. The residual
losses (R)), (Rs), and (Rc) correspond to the coupled flow, thermal, and concentration equations,
respectively, while the boundary losses related to Dirichlet and Neumann conditions are denoted by
(Rses) and ( Rpem ). The subscripts (f), (8), and (C) specify whether the boundary condition is associated
with the flow, thermal, or concentration equation. In the following sections, these individual loss terms,
as well as the overall loss function, are derived for the case studies and subsequently minimized through
the optimization process.

i=m-1 , ,
Z f —|—2Gf f (61, —NrCi)m—l (17)
i=1
i=m-1 1
Z 6 +2 & + NbCi! + Nt(@))? /m—l (18)
i=m- 1 w1
= 2 G+ LepfiCi+—~ 0”/m 1 (19)
i1 2 Nb
Reco : (fo)* (6o ~1)% (NbC§ + Ntép (20)
e )2 2 2
Recm -(fm) '(Hm) ’(Cm) (21)
The total loss is the summation of all these losses:
Total |OSS=Rf +Rg+RC +RBC0 -I-RBCm (QQ)
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Thus, every training point must satisfy a particular constraint according to its position, either on
the boundary or within the interior of the computational domain. It is worth noting that minimizing the
overall loss function to determine the optimal network weights involves performing a forward
propagation followed by a backpropagation step, which together constitute one training iteration
(epoch). At each epoch, the loss value is evaluated to measure how accurately the imposed physical and
boundary conditions are fulfilled. Furthermore, all derivatives appearing in the loss function are
computed through automatic differentiation, as implemented in the PyTorch package. During the
training process, the optimizer iteratively adjusts the network’s weights and biases in order to minimize
the overall loss function at each epoch. Consequently, a well-trained and reliable model is characterized
by a progressive reduction in the loss value as the epochs proceed. The training phase is maintained
until a convergence condition is satisfied, typically when the difference in loss between two consecutive
epochs becomes smaller than a prescribed tolerance (for example, 1076).

4. Results and Discussion

To enhance the credibility of our neural network and obtain an optimized model, we investigated
the influence of several structural parameters, such as the width (i.e., the number of hidden layers) and
the depth (i.e., the number of neurons per layer), as well as hyperparameters like the learning rate of the
optimizer used.

Subsequently, a parametric study of the physical problem was carried out by analyzing the dynamic,
thermal, and mass behavior (i.e., the influence of selected control parameters). To validate the developed
neural network, the obtained results were compared with those computed using an implicit finite
difference method (bvp4c) implemented in MATLAB, in terms of velocity profile, temperature
distribution, nanoparticle volume fraction, and the local Nusselt number.
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100 4 Nimax = 6.0
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Figure 3.

Evolution of the loss function with fiax for PINN (50 neurons, 3 hidden layers).

Figure 3 shows the evolution of the loss function (on a logarithmic scale) as a function of the
number of epochs for different values of fmax. It is observed that, regardless of the value of Niax, the loss
decreases significantly during training, indicating good convergence of the PINN and an accurate
solution of the governing equations. The rapid drop in the loss during the early iterations reflects
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efficient learning of the global structure of the solution, while during the intermediate and final phases,
the differences between the nNmax values become more pronounced. The cases Nmax=10 and Numax=12
exhibit faster convergence and reach lower loss levels (on the order of 10—6) compared to smaller
values, suggesting that too short a domain in n limits the solution accuracy. The slight oscillations
observed at the end of training are typical of PINNs and correspond to numerical saturation. Overall,
increasing Nmax improves the accuracy and the satisfaction of the asymptotic conditions; however, the

gains become marginal beyond Nmax =10, making this value an optimal compromise between numerical
accuracy and computational cost.
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Ir=1e-03
-0 Ir=1e-04
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i |
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10-°
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Epochs
Figure 4.

Influence of the learning rate on the loss function via PINN (50 neurons,3 hidden layers).

Figure 4 illustrates the evolution of the loss function as a function of the number of epochs for
different values of the learning rate (Ir=1072,107%,10 %,10 5). Overall, all curves exhibit a decrease in the
loss during training, confirming that the PINN converges in all cases, albeit with markedly different
behaviors depending on the learning rate. For a high learning rate (Ir=102), the convergence is
unstable: although the loss decreases rapidly at the beginning, it subsequently shows strong oscillations
and even an increase toward the end of training, indicating that the network is having difficulty
stabilizing around the minimum. The case of Ir=10"* demonstrates fast and efficient convergence,
reaching the lowest loss values (on the order of 107¢), making it the best compromise between
convergence speed and stability. For Ir =107*, the convergence is more regular and stable but slower,
with a gradual decrease in the loss that remains slightly higher than that obtained with Ir=107%. Finally,
a very small learning rate (Ir=107%) leads to very slow convergence: the loss decreases monotonically
but remains relatively high even after 10,000 epochs, indicating underfitting.
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Figure 5.

Eftects of the number of neurons on the loss function (3 hidden layers).

Figure 5 depicts the development of the loss as a function of the number of epochs for difterent
network depths (20, 30, 50, and 60 neurons). First, it can be observed that for all networks, the loss
decreases sharply during the initial epochs, indicating a good initial learning capability of the model.
Subsequently, the decrease becomes more gradual, reflecting a phase of solution refinement. When
comparing the architectures, the network with 20 neurons converges more slowly and consistently
exhibits a higher loss, indicating that it is under-parameterized and therefore less capable of capturing
the problem dynamics. The 30-neuron network shows a clear improvement in convergence but remains
less effective than the wider architectures. The networks with 50 and 60 neurons exhibit the best
convergence performance, reaching loss values on the order of 10°¢, with faster and more stable decay.
The 60-neuron network achieves the lowest final loss; however, the improvement compared to the 50-
neuron network is marginal. In summary, this figure highlights that increasing the number of neurons
improves the accuracy and accelerates the convergence of the PINN up to a certain threshold. Beyond
this point (50 — 60 neurons), the performance gain becomes limited, suggesting a good cost-
performance trade-off around 50 neurons.
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Figure 6.
Probability density functions of velocity field, temperature, and nanoparticles volume fraction.

Figure 6 explains the probability density functions (PDF) of the three dimensionless fields (f(7)),
A 1)), and (C (7)), providing insight into their statistical distributions over the computational domain.
For (f(n)), the distribution is strongly skewed, with a pronounced peak near zero, indicating that low
velocity values dominate most of the domain. The long tail toward higher values reflects the presence of
larger velocity gradients localized near the wall, which is characteristic of boundary-layer-type flows.
The PDF ( @ 1)) exhibits a similar trend, with a high probability density at low temperature values and
a gradual decay toward larger values. This suggests that the thermal field remains close to the ambient
state over most of the domain, while significant temperature variations are confined to a limited region
near the wall. Regarding (((7)), the distribution is much narrower and more centered around values
close to zero, with a slight extension toward negative values. This relatively symmetric and low-
dispersion behavior indicates that concentration variations are small and well-controlled, reflecting a
more stable mass transfer process compared to the velocity and temperature fields. Overall, these PDF's
confirm the physical consistency of the PINN solution: the velocity and temperature fields exhibit
strong localized variations near the wall, while the concentration field remains more homogeneous,
which is consistent with classical coupled flow, heat, and mass transfer phenomena combined with their
boundary conditions.
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Figure 7.

Variation of loss function vs. training epochs.
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Figure 7 illustrates the evolution of the training loss components as a function of the number of
training epochs. The boundary condition loss (BC) decreases rapidly during the initial stages of training,
indicating that the PINN quickly satisfies the imposed boundary constraints. After this sharp decay, the
BC loss stabilizes at very low values, with small oscillations attributed to stochastic optimization effects.
The ODE loss exhibits a more gradual, smoother decay, reflecting the progressive minimization of the
residuals of the governing differential equations as training proceeds. The total loss closely follows the
combined behavior of the BC and ODE losses, showing an overall monotonic decrease over several
orders of magnitude, which confirms stable and effective convergence of the model. The slight
fluctuations observed at later epochs, particularly in the total and BC losses, are typical in physics-
informed neural networks and indicate fine-scale adjustments of the solution rather than divergence.
Overall, this figure demonstrates the robustness of the training process and the ability of the PINN to
simultaneously enforce boundary conditions and accurately satisty the governing equations.

To check the accuracy of our methods (PINN and bvp4c), the corresponding results are compared
with those obtained by Aziz and Khan [867] using the Nusselt number in Table 1 for the same case
(Darcy flow). The error (¢) is defined as the relative difference between the estimated Nusselt number
from the linear regression and the Nusselt number obtained using the methods used. It should be noted
that a better estimation can be obtained with a quadratic regression, as in Aziz and Khan [367. It is
clear from this table that the present results are in good agreement with those reported in the cited
work over a large range of Le,,.

Table 1.
Comparison between the maximum relative errors € (Nusselt number).
Le &(Model) [367] € (bvp 4c) Present work € (PINN); (50, 3) Present work
5 0.003 0.0032 0.0032
10 0.009 0.0020 0.002
20 0.003 0.0028 0.0028
50 0.004 0.0039 0.0039
100 0.005 0.00489 0.00490
A B
T T 1 T T T T
O Num, G=0.0 O  Num, G=10.0
PINN, G = 0.0 09 PINN, G =0.0
1 O Num, G=1.0 1 O Num, G=1.0
PINN, G = 1.0 08 PINN, G = 1.0
O  Num, G = 2.0 O Num, G=2.0
0.8} PINN, G = 2.0 | o7y PINN, G = 2.0
06
= —_
N Zost
= ES
04 1 -0.1
0.4 O Num, G=0.0
03} PINN, G = 0.0
O Num, G=1.0
o2k 02r 1 -0.15 PINN, G = 1.0
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Figure 8.

Effect of the non-Darcy parameter G on :(A) Velocity field, (B) Temperature, (C) Nanoparticle volume fraction (Nt = Nb = Nr
= 0.5, Lep, = 10).

Figure 8 illustrates the influence of the parameter (G) on the velocity, temperature, and volume
fraction profiles, comparing PINN predictions with numerical results. An increase in (G) leads to a
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noticeable reduction in fluid velocity and a thinning of the momentum boundary layer, reflecting the
dissipative effect of this parameter. In contrast, higher values of (G) enhance both the temperature and
the volume fraction within the boundary layer, indicating thicker thermal and concentration layers and
stronger heat and mass transfer. The profiles show the expected asymptotic behavior as the similarity
variable increases, and the excellent agreement between the PINN solutions and the numerical data
across all cases confirms the accuracy, robustness, and reliability of the PINN approach in capturing the
coupled nonlinear transport phenomena.

A B
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Figure 9.
Influence of the thermophoresis parameter, Nt on (A) Velocity field, (B) Temperature, (C) Nanoparticle volume fraction; (G =
Nb = Nr = 0.5, Le, = 10).

Figure 9 illustrates the effect of the thermophoresis parameter () on the velocity, temperature,
and volume fraction profiles and compares PINN predictions with numerical solutions. Increasing (N?)
has only a minor influence on the velocity profile, while it significantly enhances the temperature within
the thermal boundary layer, indicating stronger thermal transport. The same results were observed by
Bouaziz and Hanini [887. In contrast, the volume fraction exhibits a pronounced non-monotonic
behavior, with higher peak values as (V) increases, reflecting the intensified particle migration induced
by temperature gradients. The profiles approach their asymptotic states smoothly, and the excellent
agreement between the PINN and numerical results across all cases confirms the accuracy and
reliability of the PINN approach in capturing the coupled heat and mass transfer mechanisms.
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Eftects of the G, Nt, and Nb on heat transfer rate (Local Nusselt number).

Figure 10 illustrates the effects of the governing parameters G (non-Darcy parameter), N?
(thermophoresis), and Nb (Brownian motion) on the heat transfer rate, represented by the local Nusselt
number, as a function of the nanoparticle Lewis number Le. The results obtained using the PINN
approach are compared with numerical solutions. In both panels (a) and (b), the heat transfer rate
decreases monotonically with increasing Leg, indicating that larger Lewis numbers weaken thermal
diffusion relative to mass diftfusion, thereby reducing the rate of heat transfer at the surface. In Figure
10(a), increasing the parameter G leads to a noticeable reduction in the heat transfer rate, suggesting
that stronger resistance eftects associated with G suppress thermal transport. In Figure 10(b), higher
values of the thermophoresis and Brownian motion parameters (Nt and Nb) also result in lower heat
transfer rates, reflecting the enhanced coupling between the thermal and nanoparticle concentration
fields, which thickens the thermal boundary layer and diminishes the surface heat flux. Across all cases,
the PINN predictions are in excellent agreement with the numerical results, confirming the accuracy
and robustness of the PINN methodology.

5. Concluding Remarks

The present investigation successfully demonstrated the efficacy of the Physics-Informed Neural
Network (PINN) framework in resolving the complex, coupled nonlinear ordinary differential equations
governing natural convection flow within a non-Darcy porous medium saturated with a Buongiorno
nanofluid. By embedding the fundamental conservation laws directly into the neural network’s loss
function, this study bypassed the need for traditional mesh-based discretization, offering a robust
alternative to classical numerical solvers.
The following key conclusions are drawn from the study:

e Methodological Robustness: The PINN architecture, optimized through a hybrid Adam and L-
BIGS training strategy, exhibited high convergence stability. The use of automatic
differentiation ensured that the physical residuals were minimized with high precision,
achieving loss levels on the order of 10-.

e Domain Optimization: Sensitivity analysis of the similarity variable m indicated that a
computational domain of nmax~10 provides an optimal balance between satisfying asymptotic
boundary conditions and maintaining computational efficiency.

e Physical Insights: The model successfully captured the intricate interplay between the
Brownian motion (Nb) and thermophoresis (Nt) parameters. The integration of the non-Darcy—
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Forchheimer model allowed for a more realistic representation of inertia effects in the porous
matrix, which significantly influences the local Nusselt number and transport phenomena.
Validation and Reliability: Comparative analysis with traditional numerical methods (finite
difference/bvp4c) confirmed the high fidelity of the PINN approach. The results demonstrate
that deep learning-based solvers can effectively bridge the gap between theoretical modeling
and complex engineering applications.

In summary, this research establishes that PINNs are not only a viable alternative for solving high-

dimensional nonlinear transport problems but also offer superior flexibility in handling multiphysics
couplings. Future work could extend this framework to inverse problems, where the PINN can be used
to identify unknown porous media properties or nanoparticle concentrations from sparse experimental
data. More complex geometries and boundary conditions may also be investigated in future studies to
confirm the reliability and utility of deep learning-based PINNs in scientific and engineering
applications.

Nomenclature:
C Dimensionless nanoparticle volume fraction.

Cr Empirical constant of the Forchheimer model.
Ds Brownian diftusion coefficient

Dr Thermophoretic diffusion coefficient

r Dimensionless stream function

g Gravitational acceleration

Gr Non-Darcy porous medium parameter

K Permeability of the porous medium

ko Effective thermal conductivity of the porous medium
Le, Nanofluid Lewis number

Nb Brownian motion parameter

Nc¢ Regular buoyancy ratio

Nr Buoyancy ratio parameter

Nt Thermophoresis parameter

r Pressure

Ra. Local Rayleigh number

T Temperature

T» Ambient temperature attained as y tends to infinity
U v Velocity components in the x and y directions
Z,y Cartesian coordinates

Greek Symbols:

O Thermal diffusivity of the porous medium

Pr
9

Volumetric thermal expansion coefticient of the fluid

Nanoparticles volume fraction
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