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Abstract: We study how a free, open parafermionic string theory behaves when its target space is
noncommutative. We consider noncommutativity in both space and momentum. We find new trilinear
commutation relations for the string’s oscillating modes and modified Virasoro superalgebras with
additional anomaly terms. This noncommutativity breaks Lorentz invariance and makes the mass
operator non-diagonal. To address these issues, we propose a new Fock space that diagonalizes the
noncommutativity parameter matrices, leading to a diagonalized mass operator. We also impose
constraints on the noncommutativity parameters to eliminate the anomalies and recover the usual mass
spectrum. This allows for the GSO projection, which restores spacetime supersymmetry. Finally, we
impose additional constraints on the zero modes of the noncommutativity parameters to recover
Lorentz invariance. In general, our work provides a clearer picture of how noncommutative structures
can be meaningfully included in string theory and suggests that even subtle deformations can carry
significant consequences for the theory’s symmetry and dynamics.
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1. Introduction

The idea of paraquantization began in 1950 by Wigner [17] who showed that the bilinear canonical
commutation relations are a particular solution in order to satisfy the wave-particle duality. In 1953,
Green [27] generalized the creation-annihilation operator algebra for bosons and fermions based on
trilinear commutation relations. This paraquantization is parametrized by the order @ such that Q = 1
represents the usual canonical quantization. One can check as an application of the paraquantization in
string theory done by Ardalan and Mansouri [3] in which they considered the center-of-mass
coordinates obey the ordinary commutation relations, however, the oscillations are written in the
paraquantum mode. Another application was investigated [4-6 where the string variables verify the
trilinear commutation relations. As results for the two approaches, new possibility of a critical

24 8
dimensions are obtained: D =2+ — for the parabosonic string, D =2+ — for paraspining string and

4
D =3+ — for parabosonic membrane.

A bosonic string in noncommutative space-time 7 can be generalized into the paraquantum case
[87] indeed, it was found that the Virasoro algebra contains a new term of anomaly and the
reconstruction of the Fock space is needed, in order to restore the photon state. For a parabosonic
string between two parallel Dp and Dgq brane, and by taking some restriction on the noncommutative
parameters, the model will be free of tachyon. Finally, the closed parabosonic string has been
investigated, where they demonstrate a reduction in the spectrum, specifically restoring the critical
massless graviton state.
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For the Fermionic case Hamam and Belaloui [97] and Hammam and Belaloui [107] between two
parallel Dp-, Dg-branes in Ramond and Neveu—Schwarz sectors, the study examines the possible
existence of a free tachyon model within this system under specific conditions related to
paraquantization and brane dimensions. To validate the model, the partition function is calculated and
compared to the results of degeneracies, showing a perfect match. This consistency also confirms the
integrity of the Virasoro superalgebra.

The purpose of this paper, is to study the paraquantum extension of a free fermionic string
propagating in a noncommutative target phase-space [117] we will define the paraquantization
generalization. Then, we calculate the Virasoro para-super-algebra, evaluate the mass spectrum and
examine the Lorentz invariance. Finally, we summarize our work and conclude.

2. Open Fermionic Strings
We begin by considering the dynamics of free fermionic strings propagating within a
noncommutative target space [7, 8, 11-15_. The action governing these strings is described by:

1 .
S= —zjdadr{ﬁax “(o.1)0" X, (0,7)=ig" (o,7) p“0,v, (0o, T)} (1)
where the noncommutation relations are given by:
[X " (T, a), pP” (Z’, o")] = i?]”"5(o*—a')
[X”(T,J),Xv(r,a')]:iﬁ’”é'(a—a') (2)
[P" (7,0),P"(z, a')] =iy"6(oc—-0o)
{t//“(f,a),t// (T 0')} ”Vé'(O' 0')

1 ..
and where P*(7,0)=——0 X*(7,0), 0" represent the noncommutativity parameters of the
o P yp
V104

space part and y*'the ones of the momentum part of the phase-space.
One can write the Fourier expansions for the variables 6“'(c—0o”'),y*" (c—0’)[7] and
X“(zr,0),w"(r,0) [16-217:

o (O__O_/) _ i er,]uvein(afo') (3)

N=—o0

7" (o Z yirent ) (4)

X*(z,0)=x"+2a'p"r +iN2a Z at cos(noe™  (5)
n¢0
NS —sector : y*(z,0) Z bre () (6)
eZ+

R—sector 1y *(r,0) = Zd” e ")
eZ
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Using (3), (4), (5) and (6), we can verify that the equations (2) are equivalent to the following

modified commutation relations of the oscillator algebra [77:
[0 =iy
I:X,u1 pv:l — iﬂyv _Ziﬂ_ZalWOyv

"oy | s uv £ 2 12 2, uv
[X , X ]-I@O —dizca’ t7y,

n2 2
I:ar):]l1ar‘]/:|:(mnﬂv+i%ynﬂv+i%9nﬂvjé‘n+m,o (8)
{d,ﬁ,d:} =17"" 600 (9)

r+s,0

{br, b} =5

These modifications will impact the Virasoro super-algebra for both the Ramond and Neveu-
Schwarz sectors, introducing new anomalies terms

3. Modified Virasoro Super-Algebra

The Virasoro generators in a quantized system are given by:
For Ramond sector:

L :lz:amamm: (10)
L, =L +L5 = 2n
L :EZ(n+lmj:dndm+n:
2nEZ 2

I:m :Za—ndmm o

neZ

which represent the fermionic sector.
For Neuveu-Schwarz sector:

L‘rzn = %Z A _(Oyin :

neZ

L, =L+ = 1 1
L==> (r+—m]:b_,bm+,:
2 = 2
reZ+E
Gr = Za—nbrm
nezZ

which represent the bosonic sector.

Given the modifications to the oscillator algebra in (8), one can derive the modified Virasoro super-

algebras for both sectors [117].
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(@) @7= (@) 2
[L7, L ]=(m-n)L +12m(m —1)5 o+ R

n+m m+n
where R..represent the anomaly part due to the noncommutativity, defined by:

1 — =y v ng I 7 v v
R, = _E pZOC{ZIa 2 (yp;in +yr;_p)+ 0 (( p— n)2 Hp’_‘n +(m_ p)Z gg_p)} a;‘am+n_p

The super-algebra then, is:
For Neuveu-Schwarz sector:

8 [Lm’Ln]:(m_n)L

1

D
+§m(m2—1)5 o+ Run
[L..G] :(Em—r]c;m+r +V_

n+m m-+n

{Gr’Gs} = 2Lr+s +2 r2 _Ejé‘ws + Brs
2 4
where B, V.-are given by:
1& .. i
B.=—= a7 (v + ™ )+
« =5 qZ;O[ (s 47 )+ 5 -

(0= oy +(r-ay ez oo

er = —%qi: [Zia'ﬂ'z (%;‘_lr + Vrﬁfq)"‘z#a,((q - r)z ng—lr +(m _q)2 Hr;qu )} a:brv+m—q

For Ramond sector:

[Lm1 Ln]:(m_n)l-

n+m

D
+ §m35m+n,0 + Rmn (21)

[L,. Fn]:(%m—nij+n +W_

(F.F}=2L,, +%r25,+s s,

ri’s

with again D., W..are given by:

1 - H !/ V) v
D, =3 Z {Zlaﬂz(},qgs +7/r”_q)+ 3

g=-o

Wmn = _%qizw: [Zia,ﬂz (yg/jn +7rﬁvq)+$((q - n)2 egfn +(m _q)2 Hfﬁfq ):laéld:ﬂnq

((a-s) oy +(r—a) o, )}d;‘d,ﬁs_q

a!

4. Modified Lorentz Algebra

The angular momentum M®is given by:
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Using (7) (8) (9), a direct calculation leads to the following modified Lorentz algebra [117:

0

~ 1
X pV - X" pﬂ - IZH(afna: - Czl/n(Zr):l

n=1

o0

| Z (b by —b*,bf") — N-S sector

1
X“p”—xvp”—lzn(a a —a’.a

n=1

l i (dflmdr; —dfmdrﬁ) — R-sector

[M“ , M*]=—in"M*“ +in“*M*" +
inwlM y772) _in,upM Av +T/1Vpﬂ.

[p*,M*]= inpﬂ p" _inw p? + K"

[P, p" |=izyy

where TP, K represent the anomalies due to the noncommutativity and which are given by:

vpAd H
T/lp =\ (7/0;12.
yvpxyp/l
2ir’a't 7/0 “xp”
’x" p*
uﬂxvpp

H 5.2 2 2
6" —4dir 't
10y —4ir’a’c?y

i (2ra’)?
2a’
"2
i—(ng,) 7ot +

v, +i

i (2za’)?
2’ "
i (2za’)?

“P+|
2o’ Fn

n’g

YOXMXE + P xHxE +
XYXP + pif X" x*

— 7" X7 pY +

— 75X pY +
79X p* +
vpxﬂ. p;z

) ptpY +

9% —4i7z2a'2727/5”1) p”p" +

)P+

it9‘”1 dix a’zrzyo ) p” p“ +

2

n

LA P A A P
9 j a’ ol +o’ ol )+
va P M "o P
6’ J a’ o +at al )+

] (v +aart)
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K™ = 2iz’a'ty p* - 2in’a'tyf p”
HY 77, R s 2 UV NP
Ty P 1Ty, P (81)
5. Paraquantization Generalization
Now, we are going to generalize the theory into the para-quantization, where we have a trilinear
commutation relation, instead of the usual commutations. The generalization will be done in the light

cone coordinates. By defining the Green’s ansatz [ 6, 8-10_] one can present the Green representation of
the bosonic and fermionic string coordinates:

X! (1,0') = QZQ_; x (@) (r,a)
vi(50) =30 (70)

Where 7 = 2..D—2 are the light cone coordinates, @ = 1,2...Q which represent the Green indices, and
Q represent the paraquantization order (taking Q = 1 we find results of the ordinary case). So, the
generalization of canonical variables for the parabosonic and parafermionic coordinates are given by:

)
ple) (7.0), ple) (r,o“)} =iy’ (c-0o")
;P(“)i (z,0),P" (T,G’)l =0, a#p 33)
t/fff)i (7, 0),1//&“” (7, o")} =n"5,36 (0 —0")
_Wﬁf)‘ (r,a),wéﬂ“ (r,o")l =0; a=p

The equations (33) are equivalent to the following tri-linear commutation relations:
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(84)

—_——
—
=
o}
|
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b (G\ /m\ (G\ | x
= = o a ¢ M_I/
+ —  + o B [ nU <
— = —
"U () HU 01 \||T/ — — | | b
2 T NS N - b [§) (&) _
£ e =8 8 e Tz oz b
S e = o S & ¢ v =2 =2 T
> oy [a — —_< HA\ /Om\ ﬂﬂu 5 —
—~ - a o - -
v © 6 _“_u = = > ~ ¢ & &
I I I b [¢) o) o b = — &
&) b ~— | | [ Y =
o) ~— | ~— S > o
— S — _M,O b b —_ 4 8] O <
T 25X 2L £ 8 < <
= — ~ o = - ™ Z e
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11— i _|__|__|__|_
— — 4 — v — = — = = =
T~ ~A e s~~~ M IS
= —_ = = = = P o —
) b b % © % v b SEE I ﬂ_ ﬂ_
[ - - - S N N & [—
o= £ L E = E &8s = BT
X < o o Bn X A o > < < <
R T TR N T P
© v b b % B H B B b B b T A
- & L sy s s s s S ES s I
X 3 3 x5 ST ¥ x a = 3 3o
1 —1 L—1 | E— 45 1 1 1 L1 L1 _'+_ +
—_ —_ —_ = .y — = — — — — — —_ = aa] o
b & b % & & & B & B® b b b &
= 5 2 L s 2 s 222D s
X X X o o X a9 x N N N X xXx o %

| S i IS I S S— S— S S S S S S S SE— S S S

Now, in terms of modes, the trilinear equations take this form:
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o [a)c] |- 2{mn"+|2”a

27a! )
2 !

9”+|(

3_

”]5 C}
21’ | _ _
2|( 2 r) { (;Jé‘m+npk+]/(l)k§m+npj}

I 2770!'2 1, 277(1'2 : )
" {5"‘ (e %]pk{and ) %k]p,}

:pi,[Xj,Xkl}:—Zi{%?]ij+(2ﬂ ) WO] (;nik+(27zrz:)2 T}/(;ijj}

2 !

2_j

:X' [XJ J } ZI{(H (2770:) T 70)X +(95k—(27ra')2127ék)xj}
03[0 [=2(6",q0) -6"5,,02)
0], [b)0 ] [=2(6%,. b - 5,,b))

6. Virasoro Para-Super-Algebra

The Virasoro generators in the parafermionic strings are defined by:

L Zil:am p'ap'

i=2 p=—
as a result, the equations (16) to (25) will take this form:
For Ramond sector, we have:

%=4+4=

F _Z[a—n' m+n

nez
which represent the parafermionic sector.
For Neuveu-Schwarz sector, we have:
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1 D-2 = .
Lm = E - Z [am—p apv .,
i=2 p=—x
L = L:! m 1 D-2 1 )
Li =— (r +— m}[b’j, b1
2 =2 1 2
relio (39)
Gr = [ -n? r+n]
nezZ (40)

which represent the parabosonic sector.

By using the trilinear commutations relations (35) and by analogy with calculation done in (21),
(22) and (23), one can find that: for Ramond sector:

[Ln’ m] (n_m) n+m+QTn 5n+m0 an

n+m,

[L,, Fm]:(%n—mj F.. +W

where Ru, Dwand W..are given by:

=2 S o (e (o et smor Y eped o
p=—x
Drs=%+i{2ia'”2(7gﬂs+7:jq) ((q s) i+ (r—q)zejjq)}[d er+Sq] (43)

g=—0
1 ] i}
W, - =5 > [2.arﬁz(73_n +y:n'fq) ((q n)’ 4!, +(m-q)° 6! )}[a . q] (44)
for Neuveu—Scsl_\wrtz sector:

[Ln'Lm] (n_m) n+m+QTn(n 1) nemo T +R

[Fn'Fm]+:2Ln+m+Q?n25 0+Drs (41)

nm

[Gn,GmL:ZL +Q—( ) n+mo+B (45)
[Ln,Gm]:(%n—m) F.. +V_

where R..is given by (42), and B.and V..are given by:

2'&, g rvi—g

=18 [orm (o llg- o7 o -0 ) [0
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+00

I o (LA AR LR N | N R

gq=—x

7. Mass Spectrum and GSO Projection

The mass operator will be written in the paraquantized form as [9, 107:
Ramond sector:

2 S i i = i D-2
MNS:Z(I’ . Z[a,n,anjL'F Zr[br,b] Q( j (49)

Neuveu-Schwarz sector:
We note that [8-5].

We need to diagonalize the antisymmetric matrices 6.and y.by introducing the unitary matrix U.
such that:

D-2=— (U,ig,U,) =D} = "5 (50)
Q
and,
(TEIATN i E o
With [6., y.] = o0.
This last can be obtained through a redefinition of the Fock space [8, 227 in order to get a diagonal
mass in this new basis. The redefinition takes this form:

Lty ) (] 1 oo o) o

=2 m=1

- (52)

(T ose ) (1] TT Geor I 02y ) lover)

=2 m=1

Where (..)+ represent the symmetrized (anti-symmetrized) form of the bosonic (Fermionic)

oscillators product, h = Z Ani represent its different possible permutations of the oscillators
m,i

and p, , takes either zero or one.

In order to get an equivalent of a GSO projection, one can use the usual way to get the following
steps in the table below (Table 1) and (Table 2).
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The results of GSO projection for the two sectors are grouped in (Table 3). (See (appendix A) as an
example of calculations of mass spectrum).

Table 1.
This table represents the mass spectrum in terms of redefined modes.

Level N-S Sector

state Mass
0 |0) L
_ 2af
1
bil |0> 0
2
2 Lo, o | o) "
211 2a
_ i 1 2..(1
o e 0) 2 (3— 3 (" + @ra)v"))
3 1 i _
§<b_£,b_‘£,bf1 > | 0) 1
'- 2 2 2 o
b’ 10) |
2 o
o 1 (11 ({10 n2.,(1)
%{ulla'pb‘l} 10 7 (12 (1 + Crerv)) )
! 2
* 1 i j k | 3
E< b,;’b,z’b,yb,; >_|0) 77
N 2 2 2 2 i
20!
Ly pi 1 (3_ 1 (2) 2,,(2)
A 1o (3 (o7 Cna )
N I 1 | I
U,'a’, | 0) o (% — 5 (uﬁ " ra VY 4+ (2ma) ’))
i 1 -1 _k
2![U1 ', Ul ] 10) 5(%—%(#}1@(2%&’)2\/}”))

%<Ullozj b*,,b', >.10)

-1
2 2
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L o', bl bE b, b7 > [0 @
5 <Pl bl bbb > [0) o
: 2 2 2 2 2
b's [0) 2
2
%<b'1'bj1’bkl> &
2 2 2
l 1 (2) 2..(2)
s le{u kb } |0) W(Z—W(Mij +(2ra’)7v; ))
2y
1 -1 71 kK ! | ) (1 | s (1
g <Urehu 1'b2>|0> %(Z—ﬁ(uﬁ)-l—@m’) vV )+ (2ma)vy )))
1 1] m
E<U11a31’bfé’b11’b,1 >10) w (2 @ (#ﬁl) +(2na’)2vﬁl)))
: 2 2 2
1
Ul J,bk 0 ] 1 (l) N2 (])
3 uae| 1o L (2 g (10 + Crav))
Table 2.
This table represents the mass spectrum in terms of redefined modes.
Level R-Sector
State Mass
0 0) 0
b (Ao
1 1, (1), 2ra’)” (1)
U, "), | 0) F(l_(ﬂﬁj T e Yy ))
’ d12|0> %
2
—[d’l, "] 10) @
I 1 (2) 2..(2)
U, 10) v (2= o (4 + 2rayv?))
M 4 rza2y
2! ’ u '+ (2wa’) v,
_ i 1 1
E[Ull“-'l,d_kll 10) 0 (2— sb (,uj( '+ (2mal) v )))
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Table 3.

This table represents the GSO projection for the two sectors.

925

Level
State Masse State Masse
i 0, 10) 0 j0) 0
’ d’; |0y
l<bI bj bk >_|0)
35
i | 1,0 ey’ (1)
5,10 @ sk eV ))
~|uta' bl | |0 ( (1, 2,, (1))) _
[ ' zll Ky (2mad) U e, | 0)
5

5—<b'l,b‘1,b_kl,b11,b_m7> 10)

2 2 2 2
b 10)
2
1
a<b bl b >

2 2 2

U, a‘,bk} | 0)
2||: ’ 2 1+

% <U7al, U7 b, 210

I<U‘1a,'1,bl,b¥,bi“i >.|0)

2 2 2

21.{“ o, b } 10)

v 2 ﬂ% (2750(’)2\/{;”))

d’, |0)

%[d_"l, d] 10

1
2!
1ru

s

R[w

[U Jal,Utel ] 10

2![ 17105—j1’dl(1]+ |0)
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One can then impose:

o__"1 o
vii=—— L
" (2m)
to restore the value of the mass for the first excited state (for example), and in general:
2
—m
™ = ——— "
(27a’)
equivalent to:
2
Ti —Mm Di

(m) — (272_“,)2 (m)

926

to restore those of the other levels, where m > 0 represents the number of state level. Finally, we obtain

(Table 4).
Table 4.
This table represents the first levels of the mass spectrum after GSO projection and the application of the equation (54).
Level N-S Sector R-Sector
State Mass State Mass
1 b', |0) 0 |0) 0
2
3 <bgl3b{.._b’f .> |0) o 2-110) o
i T3 T3
; T
o) =
[Ur‘ail,b{l} 10) .
S+ _s oo 10) @
. , 2 i 2
5 <b'_% L b’_%.b’_’i> 10) o d-210) o
2 2
b’ 10) o o
2
. | 2
= <b',,bl,b¥, > o L
L o (@ 1.ats] 1o Z
1 d 0 o
T, o v v ®/0)
E UZ a_z,b71 |0>
! 2.
i p—l ok 2 —1 i —1 ok 2
<U, o/ .U, loc*,.b"%> |0) o KUl a—])‘(UI o 1)]||0) 7
2/ +
<U,—‘a{1_b" b _,.b"’l> |0) 2
- A 2 2 2/ 4 F
u'a! .b'l |0) 2 —1 i k 2
o], 2 |lwrta)a] o Z
By applying (U.U. ') on the both sides of (50) and (51), one can show that the equation
(55) can be expressed with respect to 8.and Y.
2
- -m .
o _ 1
7/(m) - 6 (56>

(27105')2 m

From this result, we can fix our starting model (2) by imposing to 8and y* the following relation:
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2

-m
uo uv 57
7’<m)——(2ﬂa,)z (m) (57)

where m/= 0 and v = 0,1..,.D—1.

With this condition (57), one can easily verify that all the anomaly terms (15), (19), (20), (24) and
(25) of the modified Virasoro algebra due to the noncommutativity are eliminated. This result is a direct
consequence of the fact that we considered noncommutativity between coordinates and moments instead
of only between coordinates.

In the other hand, the Lorentz algebra’s anomaly term (80) is simplified to:
o[ 76X+ 7 XX

+YAXXE + p XXt

T =g
rXD =X
VA1 WP HP A RV
+yX — 7%
+2i7r2a'r 7/0 p 70 p
Pt =X
+ya X PP =7 X" p* (58)
(g —diz’a*c*ys" ) p p"
+(i6s" — iz’ *t?y ) pPp"
+(i90V” —4i712a'21'2}/(‘)”’) p* p*
+(i90W1 —4i7r2a'2727/gl) p” p*

For the zero mode noncommutativity parameters, if we impose that 6" =y;" =0, the Lorentz

algebra is restored where (27), (28) and (29) become as the ordinary ones, despite of the fact that the
noncommutativity is still present in the relations (2) and (8).

8. Summary and Results

To conclude, we have investigated the free open fermionic string theory in a noncommutative target
phase-space. We postulated the noncommutation relations (2) and derived the ones in the paraquantum
case (34). We found that the modification in the commutation relations in terms of oscillating modes
introduce a new anomaly terms in the Neuveu-Schwarz and Ramond Virasoro super-algebras. The
Lorentz covariance is affected by the noncommutativity and the mass operator becomes non-diagonal in
the usual Fock space. A redefinition of this latter is possible and a diagonalized mass operator is
obtained. We then imposed specific constraints on the noncommutativity parameters 8 and y*to cancel
the anomaly terms and recover the standard mass spectrum. Under these conditions, the GSO projection
becomes applicable, allowing for the restoration of spacetime supersymmetry. Finally, to recover
Lorentz invariance, we required the vanishing of the zero modes of the noncommutativity parameters,
namely y¢¥ = 0 and 64V = 0. As a result, equations (27), (28), and (29) reduce to their standard forms,
while noncommutativity still remains encoded in equations (2) and (8). Overall, our analysis shows
complete consistency between the results obtained from standard quantization and those from the
paraquantum approach.
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Appendix A.

As previously discussed, we now compute part of the mass spectrum in the paraquantized framework.
Specifically, for the Ramond sector, we present the calculation of the second excited state as a
representative example. The corresponding mass operator is given in equation (48),

(59)
and by using (35): o i .
u Ifa Z I:ain,ani|++zzr|:d,r,d ] j
mn'] +| '3—2 n=1 i=2 r=1
’ 2 5m+n
i (27205') )i
[a,in,[arf,alkl]:Z 2a
g (60)
§m+lanj
i (27a’)”
2o/ !
[dril’lidri’dlk ]_:| ( IJ5n+mdk é‘Ik5n+ldl ) (61)
we get:
D-1 o
Ul 0] 10 ,[ZZ[a s ] w3y 3rdd] ][Ufa"vdﬁl 10) (62)
H i=2 i=2 r=l
We start with the first part of the right-hand side of the equation (62):
D-1 D-1
: Z[ai—n a, l [Ul_la—jv di(ll |0) = ZZZ[al—n a, l (Ul_la—j1di(1 + dElUl_la—jl) |0) (63)
i=2 n=1 i=2 n=1
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and for the second term of the right-hand side of the equation (62):

> oe[d ;] [Urtel a4 ] 10 =4p* [U7a 0]

i=2 r=1
Combining (64) and (65), one can get the final result:

1 _ i Kk 1 1 ji (272'0() i
Méa[u_fa_‘l,d_ll|0>=4—a,4£1—2—a,,ui15‘ v vieh+1|[u}

Uiy

So,

[U_la_lv k1]+|0>=§( 22,(#5) 2ra’) vl)][U
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